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ABSTRACT 
 
A 3D finite element model is constructed in ABAQUS® to simulate the 
stress/strain fields that take place under the rolling-contact of railway wheels on rails. 
This FE model constitutes a faithful replica of a railway wheel that is rolled on a rail 
segment using a hard-contact over-closure relationship and an elastoplastic material 
model with isotropic and kinematic hardening. This material model predicts the wheel’s 
stabilized steady-state structural response using a multiaxial critical-plane fatigue model 
that accounts for the effect of residual stresses.  
The steady-state stress/strain response of the wheel is post-processed using algo-
rithms written in MatLab® to obtain state-of-the-art analytical predictions of subsurface 
micro-crack initiation within the railway wheel. Finally, based on the results obtained 
from the crack initiation study, a pre-cracked multiscale model is constructed to investi-
gate the influence of a subsurface crack on the wheel’s stress fields. 
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1 INTRODUCTION 
 
1.1 Introduction 
Technological advancements in the railway industry have made it possible to 
significantly extend the wear life of wheels. Simultaneously, current economical and lo-
gistical constraints demand increasing train speeds and load capacities that result in larg-
er contact forces acting on rails and wheels. As a result, longer wear periods, higher 
speeds, and larger loads have made fatigue the main cause of railway wheel replacement 
and re-engineering [1]. 
There are roughly 25-50 million railway wheels in operation in the world. Con-
sidering an annual failure rate of one in 1000, it means 25,000-50,000 wheel failures 
every year. It’s obvious that if ‘failure’ here means a complete fracture of the wheel the 
way the train to be inoperative, railways would not be an efficient method of transporta-
tion [2]. 
According to the Union Pacific Railroad wheel fracture database, 65% of railroad 
wheel failures are caused by shattered rims [3], a form of subsurface initiated rolling-
contact fatigue (RCF). This suggests a need for the development of models that can ef-
fectively predict RCF cracks. Effective predictions require computational tools and 
mathematical models that can accurately simulate actual material behavior and structural 
interactions due to contact between railway wheels and rails. 
Wheels constitute a fundamental component in railways; without them, the di-
rected motion of the railway wagons and their contents is not possible. While there are 
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many other components in trains that are as crucial as wheels for the transport of goods 
and/or people, the strategic location and function of wheels make them a component that 
is also critical to safety. That is, failures in other primary components of railways, such 
as the engine, may not necessarily represent a safety threat to the contents of the cars.  
The failure of wheels, which is structural in nature, can seriously compromise the integ-
rity of the transport medium. The inability of railway wheels to resist the loads they are 
subjected to while in service can eventually result in damage to rails, sleepers, the train’s 
suspension, and/or bearings, and in some cases, can even result in derailments. The con-
sequences of these types of damage can be both costly and endangering to humans. 
Fatigue-damage in railway wheels is manifested as follows: 
1. Fatigue at the rolling surface favored by local (cyclic) plastic behavior, presence 
of liquids in cavities, corrosion, rolling surfaces asperities, geometrical defects, 
material defects, and thermal loading [4]. 
2. Subsurface fatigue favored by (cyclic) plastic behavior, thermal loading, geomet-
rical defects, and material defects [5], and 
3. Fatigue at deep defects caused by the stress magnification that occurs due to 
these defects. 
As is made evident by the above list, all modes of failure are the result of, among 
other factors, a combined action of (cyclic) plasticity and thermal loading. Plasticity is 
the result of mechanical loads that arise from the large contact forces occurring between 
wheels and the rail. These loads are imposed by the weight of the railway cars and am-
plified by the motion of the train taking place on the imperfect rolling surfaces of both 
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the rail and wheels. Thermal loads, in turn, are caused by the continuous friction be-
tween the wheels and the rail. An important increase in the wheels’ temperature is in-
duced by slipping, which is related directly or indirectly to the action of the brakes. Dur-
ing braking, slipping of the surface of the wheel can occur between the wheel and the 
rail and/or between the wheel and the brake blocks in railways that incorporate this latter 
type of brake system. The cyclic nature of the loads acting on railway wheels results 
from their rolling, in the case of mechanical loads, and from their heating and subse-
quent cooling that takes place during and after braking. 
Studies on the fatigue of rails are abundant; just a few samples of these include 
the development of pertinent fatigue models [6], of fatigue crack models [7], the study of 
the mechanisms of crack initiation [8], the contributions of residual stresses [8], attempts 
to predict their fatigue-life [9]the consideration of surface imperfections [10], the evalua-
tion of surface treatments [11, 12], and the use of different grade steels and steel manu-
facturing techniques [13-15]. 
 
1.2 Objectives and Organization  
The objective of this study is to provide a relatively accurate numerical predic-
tion of subsurface crack initiation (location and orientation) of a ‘defect-free’ wheel as 
well as the number of cycles required for the micro-cracks to nucleate using a strain-
based critical-plane model. The same wheel also analyzed with the presence of a crack to 
investigate the behavior of a defect at subsurface level of a railway wheel.  
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Section 2 presents a full-scale computer simulation of wheel-rail contact with a 
non-linear isotropic/kinematic hardening material. Section 3 presents a multiaxial fatigue 
analysis of a wheel section as a result of rolling contact using a strain-based critical-
plane model to predict life-to-crack-initiation of wheels. Section 4 presents implementa-
tion of a subsurface crack in the same wheel model using sub-modeling technique to in-
vestigate the effect of a defect on the wheel’s stress-strain fields at subsurface level. Fi-
nally section 5 presents the overall conclusions as well as suggestions for continuation of 
this study. 
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2 COMPUTER SIMULATION OF ‘DEFECT-FREE’ WHEEL-
RAIL CONTACT  
2.1 Introduction  
Rolling contact fatigue (RCF) has been considered as one of the root causes of 
many derailment accidents [16, 17]. Kapoor [18] suggests that either low-cycle fatigue 
(LCF) or ratcheting is the failure mode of material in this region, e.g. their failure mech-
anisms are independent from each other. In contrast to surface cracks, subsurface cracks 
nucleate at some depth below running surface where material deforms elastically; typi-
cally, accompanying with a presence of material imperfections or discontinuities that 
may act as a stress intensifier. Another important factor that can significantly affect the 
crack growth rate and thereby affect the wheel fatigue life is residual stress in wheel rim 
which is investigated in this section. The shattered and vertical split rim (VSR) crack 
growth rates depend on the residual stresses in wheel rims [19]. 
The objectives of this section are: 1) to develop a full-scale finite element model of 
wheel-rail rolling contact with a nonlinear isotropic/kinematic hardening material model, 2) 
to predict residual stresses and strains at the wheel’s subsurface level, 3) to provide an in-
depth understanding of the state of stress and strain from wheel-rail contact phenomena and 
ratcheting behavior, 4) to study the influence of residual stresses on rolling stresses in term 
of fatigue damage. It should be noted that the effects from thermal-mechanical coupling due 
to braking or heat transfer during service are not considered in this study. 
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2.2 Background  
Rolling-contact fatigue is different from classical fatigue in the following aspects 
[20]: 
 Rolling causes a non-proportional and out-of-phase multiaxial state of stress; 
 Cracks propagate in mixed modes II and III; 
 Friction between opposite crack-faces plays an important role in the rate of 
crack-propagation; and 
 Because of the multiaxial stress field, specialized fatigue models should be em-
ployed, since traditional models have been developed for tensile loading. 
Previous attempts to predict the initiation and propagation of fatigue-cracks in 
defect-free materials under rolling-contact have resorted to a series of theoretical as-
sumptions and analytical simplifications. Among the most popular simplifications are: 
the use of Hertzian contact theory [21], 2-D analytical schemes, elastic material assump-
tions, and (uniaxial) stress-life fatigue models. Hertzian contact theory assumes that: 
1. The material behaves elastically, 
2. The contact surfaces are continuous and non-conformal 
3. The contact area is much smaller than the characteristic radii of the bodies in 
contact, 
4. Friction is negligible, and 
5. The object is a continuum. 
Analytical solutions of the existing contact stress field based on Hertzian theory 
are relatively easy to determine provided the problem satisfies the assumptions in the 
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theory. However, this must rarely be the case in a railway wheel rolling on a rail since 
first, during rolling, a portion of the wheel typically responds inelastically. Second, the 
contact surfaces are conforming, and although the contact-area is indeed relatively small, 
its size is not negligible (compared to the dimensions of the bodies in contact). Further-
more, friction plays a vital role in the rolling process of the wheel and is responsible for 
the induction of shear stresses in the wheel that, in turn, are responsible for the nuclea-
tion of fatigue cracks; therefore, friction cannot be ignored if accurate results are desired.  
With respect to the fatigue models, when it comes to the analysis of the subsur-
face RCF within railway wheels, the bodies in contact are in a multiaxial stress state. 
Multiaxial fatigue theory is therefore needed to make accurate fatigue-initiation-life pre-
dictions. In recognition of this, the Dang Van multiaxial equivalent-stress fatigue criteri-
on has become a common resource. This criterion constitutes a mesoscopic approach 
that has only rarely been successfully compared to multiaxial fatigue tests [22]. Part of 
its lack of success may be due to the fact that it constitutes a stress-life approach, where-
as in wheel-rail contact, a region of plastic behavior is generally present, which demands 
the use of strain-life approaches for closer-to-reality results. 
 
2.3 Description of Rolling Contact Fatigue in Railway Wheels 
The roots of the RCF problem in wheels have been identified above, together 
with the mechanisms that cause an initial crack to induce structural failure of a wheel. 
Three different regions where fatigue can initiate have been identified; their differences 
stem from the causes that trigger the development of the fatigue processes. The three re-
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gions are: the tread surface, a subsurface region that ranges from about 3 to 10 mm in 
depth, and one more that is located primarily between 10 and 30 mm below the surface 
of the wheel. 
2.3.1 Fatigue at the Wheel Tread 
Fatigue at the wheel tread, also called surface fatigue, is influenced by both me-
chanical and thermal loading [3]. Stresses can be very high at the immediate wheel-rail 
contact region, and together with the friction forces that are induced during rolling, they 
can cause the material to undergo increasingly severe plastic deformations with every 
revolution of the wheel. This phenomenon, known as ratcheting, can occur even under 
moderate axle-loads, causing the stresses and strains to exceed the elastic limits of the 
material and accumulate with each load cycle. If ratcheting occurs continuously, it can 
cause local fractures in the material at regions where the stresses eventually reached the 
fracture strength of the material (Figure 2.1). These local cracks can develop into global 
fractures over time. 
Cracks initiated by the local plasticity of the wheel surface tend to propagate in 
the circumferential direction until they result in the separation of material from the wheel 
in the form of chips [23]. Normally, this type of failure (shelling) does not represent im-
mediate danger; however, it affects the smooth rolling of the wheels. If left unrepaired, 
the impact of the loss of surface curvature can lead to serious damage in the wheel 
and/or the rail. 
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Figure 2.1. Damage within the wheel tread resulting from surface cracks [4] 
Thermal loads also cause fatigue cracks at the surface of the wheel due to soften-
ing or weakening of the material’s resistance to cyclic straining. Furthermore, rapid cy-
clic fluctuations in the tread’s temperature may lead to material phase transformations 
and the formation of zones of martensite, which exhibits smaller resistance to fatigue 
caused by a brittle mode of failure. An example of a failure related to rapid changes in 
material temperature is the so-called wheel flat [4]. Here, relatively rapid heating of the 
wheel due to breaking/slipping is followed by cooling of the material via heat transfer to 
the surrounding air. This produces zones of martensite that eventually develop into 
crack-initiation sites that may lead to major detachments of material from the wheel. 
Less serious thermally-initiated cracks result in the separation of small material frag-
ments from the wheel tread, which is known as shelling. The effects of both shelling and 
spalling (Figure 2.2) represent a significant cost to the railway industry.  In order to re-
10 
duce these effects, Diener and Ghidini [24] have proposed criteria for the design of new 
materials for railway wheels as well as maintenance measures such as wheel re-profiling. 
As with the grinding procedure in rails, this procedure prevents the development of 
crack networks and cavities around the perimeter of the wheel. 
Figure 2.2. Spalling in wheels due to thermal cracking [24] 
2.3.2 Subsurface Fatigue 
In ‘defect-free’ wheel steels, crack initiation below the surface tends to take place 
at approximately 3 to 10 mm below the wheel rolling-surface [6], where the largest shear 
stresses due to rolling occur. When the fatigue process is initiated within this region, it is 
known as subsurface fatigue. By ’defect-free’, it is meant that the actual conditions of 
the wheel material (in terms of cast-in defects and inclusions) correspond to or are better 
than those present in the test samples used in the determination of the fatigue properties 
of that material. In other words, although microscopic flaws are unavoidable, they have 
already been implicitly taken into account in the ‘defect-free’ characterization of the ma-
11 
terial so that there is no need to apply additional reductions to the nominal fatigue-
resistance. 
Ekberg and Kabo [25] have categorized subsurface fatigue crack in wheels into 
shallow and deep initiation mechanism. At shallow initiation of fatigue cracks in wheels, 
the crack typically grows downward towards the wheel hub in the subsequent propaga-
tion, as in Figure 2.3(a). It then deviates at a depth of some 20mm with a continuous 
growth in the circumferential direction. When initiated at a larger depth, the crack typi-
cally continues to grow at this depth, Figure 2.3(b). Final fracture will eventually occur 
as branching towards the surface as in Figure 2.3(a) or, more seldom, towards the wheel 
hub as in Figure 2.3(b). 
In this subsurface region, although material plasticity and hardening may occur 
initially even at moderate load levels [20], at some point, the development of residual 
stresses may allow for the material to respond elastically in what is known as elastic 
shakedown. In regions of elastic shakedown, the fatigue phenomenon is of the high-
cycle type. Cracks initiated in these regions end up propagating radially and may evolve 
into large detachments of the rim material, a phenomenon which is referred to as shatter-
ing. Measures to prevent shattering relate to the manufacturing processes of the wheels 
and their materials. 
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Figure 2.3. Typical appearance of subsurface fatigue cracks in railway wheels: (a)  shallow initi-
ation and (b) deep initiation at a defect [25] 
2.3.3 Fatigue Initiated at Deep Defects 
As will be shown later, the stress field that results from rolling-contact in wheels 
dies out significantly with depth so that deep crack-initiation (more than 10 mm in 
depth) can only take place in the presence of “macroscopic” defects that act as stress 
magnifiers [1]. These defects, if large enough, can propagate quite far from the contact 
region [22]. 
Macroscopic defects play the same role as already-initiated cracks. Studies on the 
effects of the presence of macroscopic defects have included the use of equivalent 
stresses [26], fracture mechanics [27], and finite element models [28, 29]. 
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Finally, material related factors that have been shown to affect the fatigue-life in 
wheels are: the presence of hydrogen, chemical composition, metallography, grain size 
and texture, microstructure, mechanical properties, hardness, impact toughness, fatigue 
strength, anisotropy, etc. To increase the material fatigue endurance, engineering strate-
gies attempt to decrease the sizes of inclusions, and improve their stability, material 
structure, and fatigue strength. 
2.4 Engineering Assessments of Subsurface Fatigue 
Microscopy of RCF defects have shown that fatigue may start as microscopic de-
fects at depths of 3-4 mm below the tread surface (Figure 2.4), a zone where plasticity 
and wear represent competing damaging mechanisms, i.e., wear may remove material 
regions where cracks have nucleated. 
Figure 2.4. (a) RCF initiation in AAR class C wheel material, (b) micro-cracking in defective 
pearlitic steel [23] 
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Metallographic examinations like these suggest that shear cracking is responsible 
for RCF crack initiation once it exceeds fatigue-crack growth thresholds under the com-
bined influence of normal and tangential forces [23]. In the subsurface, crack initiation is 
the rate-controlling step in RCF. 
Despite the existence of these micro-cracks, to be able to use multiaxial fatigue 
criteria for the assessment of subsurface fatigue, the material is usually assumed to be 
‘defect-free’. Multiaxial fatigue criteria can be grouped into damage parameters and crit-
ical-plane approaches [30]. The damage parameters form a reference value averaged 
over all material planes of a material volume element. Energy-based approaches are an 
example of damage parameters. Some critical-plane approaches will be presented later in 
more detail. 
Another way to categorize multiaxial fatigue theories is according to the physical 
quantity used in the theory. Thus, the theories can be classified as stress-based, strain-
based, energy-based, and fracture mechanics-based. The stress-based approaches are 
limited to the high-cycle fatigue (HCF) regime where plastic strains are negligible. 
Strain-based approaches, on the other hand, can cover both low-cycle fatigue (LCF) and 
HCF regimes. 
2.4.1 The Dang Van Fatigue Criterion 
Dang Van, et al. [31] proposed an endurance limit criterion based on the concept 
of micro-stress within a critical volume of the material, which assumes that elastic 
shakedown occurs before the fatigue limit is reached and that mesoscopic and macro-
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scopic plastic strains and residual stresses have been stabilized. The model resulted from 
the observation that fatigue-crack nucleation is a local process and begins in grains that 
have undergone plastic deformations and form slip bands. It is considered that, because 
cracks nucleate along these bands, the local shear stresses must have a relevant influ-
ence. Similarly, it is assumed that local hydrostatic stresses will have an effect on the 
mode I propagation of the cracks. The simplest version of the Dang Van fatigue criterion 
is given by [32]: 
( ) ( )ht a t b    (2.1)
where τ(t) and σh(t) are instantaneous microscopic shear stresses and hydrostatic stresses 
(to be defined below), a is a material constant and b is an equivalent-stress value related 
to fatigue-crack initiation in the material. The material constants a and b are determined 
for different fatigue life ranges. 
A stress analysis of a loading cycle combined with a residual-stress analysis is 
required to obtain the microscopic stresses. The corresponding expression is [32]: 
*( ) ( ) devij ijt t     (2.2)
where Σij is the macroscopic stress tensor, and dev ρ* is the deviatoric part of the stabi-
lized residual stress tensor. The microscopic shear stress is computed from the micro-
scopic principal stresses using the Tresca maximum shear stress theory as: 
 1 31( ) ( ) ( )2t t t     (2.3)
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2.4.2 Critical-plane Approaches  
Some materials can experience additional hardening for out-of-phase or non-
proportional loading meaning that under strain-controlled conditions, stresses in the ma-
terial are higher for out-of-phase loading than for in-phase loading. These additional 
stresses can cause an accelerated amount of fatigue damage on critical planes as com-
pared to in-phase loading. For fatigue calculations, constitutive models that do not ac-
count for non-proportional hardening effects may result in non-conservative fatigue life 
calculations [33]. 
In cases with plastic deformation, stress is not a reliable measure of the loading 
effect on fatigue life considering that a small increase in stress will result in a large in-
crease in strain. Therefore, strain-based criteria may be adopted [20]. 
An early strain-based critical plane approach was proposed by Kandil, et al. [34], 
who proposed that a combination of shear strain and normal strain acting on a plane was 
responsible for crack initiation and growth: 
∆ߛ௠௔௫
2 ൅ ܵߝ௡ ൌ ܥ (2.4)
where 
∆ߛ௠௔௫ 2⁄ ൌ the strain amplitude on the maximum shear strain plane 
ߝ௡ ൌ the normal strain on this plane 
ܵ ൌ a material fitting constant 
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This parameter provided a physical basis for crack growth for shear cracks 
opened by normal strains perpendicular to the crack surface. However, it has been shown 
by Socie and coworkers [32, 35] that strain parameters alone cannot correlate fatigue 
behavior for a range of materials subjected to both in-phase and out-of-phase loading.  
The advantages of the critical plane approach for strain-based fatigue analysis 
mare the same as in the stress-based approach. The approach is general enough to apply 
to both proportional and non-proportional multiaxial loading conditions. The physical 
nature of the development of small cracks can be captured by the use of appropriate 
damage parameters. The expected crack orientation in the material can be calculated. 
However, an accurate constitutive model is essential in obtaining the best results, as is 
knowledge about the appropriate damage parameter to use for a given material at a par-
ticular load level [33]. 
Critical-plane approaches have been proposed for fatigue analysis of components 
with non-proportional multiaxial loading [36]. Non-proportional loading results in the 
rotation of the principal stress axes as well as the maximum shear stress/strain amplitude 
planes at a given material point. Cracks are expected to eventually initiate on planes and 
at material points where a particular fatigue-damage parameter is maximized during a 
load cycle. It is a fundamental task in critical-plane approaches to search for the plane(s) 
that displays the highest fatigue damage at several or, ideally, all of the material points in 
a structural component during a loading cycle. 
Critical-plane models evolved from experimental observations of the crack-
initiation and growth patterns in solids under cyclic loading. Experimental results show 
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that for commonly used metallic materials, fatigue crack first occurs along the crystal 
slip and then propagates perpendicular to the maximum principal stress direction. As it is 
illustrated in Figure 2.5, the fatigue fracture plane is the crack plane observed at the mac-
ro level, and critical plane is a material plane on which the fatigue damage is evaluated 
[37]. 
Critical-plane models should incorporate accurate constitutive parameters gov-
erning crack-initiation and growth so that they can successfully predict the fatigue-life 
and the orientation of the failure planes. Because different materials possess different 
failure modes, adequate models have to be employed to achieve accurate fatigue-life 
predictions in all life regimes. 
Figure 2.5. Relationship between the critical and fatigue fracture planes [3] 
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2.5 Wheel-Rail Rolling-Contact Stress Analysis 
Most fatigue models rely on stress and strain input values to produce their predic-
tions. In this study, time-history contact-stress analyses of a railway wheel rolling on a 
rail segment are performed using a 3-D FE model. The results of these analyses are later 
used in a multiaxial strain-based fatigue model to estimate the location and orientation of 
the first subsurface fatigue crack as well as the number of cycles required to initiate it. 
The details of the constructed FE model are described in the following subsections. 
2.5.1 Material Model 
2.5.1.1 Response of Material Subjected to Cyclic Loading 
In wheel/rail contact, plastic deformation will usually occur even at fairly moder-
ate load levels [20]. Plastically deformed material experiences plastic hardening as well 
as accumulation of residual stresses. Due to these two effects, a load magnitude that 
causes plastic deformation may, after some load cycles, only cause elastic response. This 
effect called elastic shakedown. With a more severe loading, the cyclic stress train curve 
becomes a stabilized closed loop with zero total plastic deformation. Such material re-
sponse called plastic shakedown. Finally, when every load cycle causes additional plas-
tic deformation and the deformation exceeds the material ductility, the material response 
called ratchetting or cyclic creep (Figure 2.6).  
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Figure 2.6. Illustration of different material responses that may occur for a material subjected to 
stress-controlled cyclic loading with a constant non-zero mean load [8] 
2.5.1.2 Chaboche Plasticity Model and the Mechanical Properties of a Pearlitic Rail 
Steel 
Due to heavy axle loads in locomotive industry, localized plastic deformation oc-
curs at the wheel-rail contact interface [38]. Such a compressive deformation at running 
surface is balanced by tensile residual stresses at subsurface, which is found to play an 
important role in fatigue crack nucleation [39]. The stress-strain relationship for all of 
the components in the FE model is defined using a plasticity model with both isotropic 
and kinematic hardening [40].  
Johansson and Thorbemtsson [41] developed an optimization algorithm - based 
on Bower [42] test results on rail steels – to calibrate parameters for Chaboche plasticity 
model. The optimization result showed an accurate ratchetting prediction with some de-
viation of the shape in stress-strain plots. Using stress-strain plots of specific loading cy-
cles, Ringsberg, et al. [8] later used this optimization results to determine Chaboche 
model parameters and implemented it into ABAQUS material library to study FEA of 
 21 
 
rolling contact. Due to less complexity of Chaboche plasticity model, it is more suitable 
for studying FEA of computationally intensive full-scale wheel rail contact [39]. 
In general, isotropic and kinematic hardening rules are coupled in plasticity mod-
els. The isotropic hardening rule predicts change of the size of yield surface as plastic 
deformation evolves, while the kinematic hardening rule is responsible for the transla-
tion of yield surfaces—called Bauschinger effect—due to cyclic load. The kinematic 
hardening rule also controls the ratcheting behavior of material. 
The yield criterion in the model uses the von Mises equivalent stress concept, ac-
cording to which a material point is considered to reach its yield point when the second 
invariant of the deviatoric stress tensor at that point equals the square of the yield stress 
of the material. Thus, the yield surface is defined by: 
 
 03 ( ) : ( ) 02
dev devF      S S  (2.5)
where S corresponds to the deviatoric stress tensor at the material point of interest 
and ̣αdev to the deviatoric part of the back-stress tensor. 
Kinematic hardening models assume associated plastic flow, which is given by: 
 
 pl pl F      (2.6)
where pl  is the rate of plastic flow and pl  is the equivalent plastic strain rate. This 
latter is obtained from the performed plastic work, 
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 0 :pl pl      (2.7)
which yields 2 :3
pl pl pl      for isotropic Mises plasticity. The kinematic hardening 
law is then given as: 
 01 ( ) pl plk k k k kC           (2.8)
where Ck is the initial kinematic hardening modulus and γk determines the rate at which 
the kinematic hardening modulus decreases with increasing plastic deformation. 
The isotropic hardening law is given by: 
 
 0 0| (1 )plbQ e       (2.9)
where σ|0 is the yield stress at zero plastic strain, Q∞ is the maximum change in the size 
of the yield surface, and b defines the rate at which the size of the yield surface changes 
as plastic straining develops. 
The values for the variables required in the previous hardening laws are taken 
from Ringsberg, et al. [8] and correspond to a pearlitic rail steel. Characterizations of the 
cyclic behavior of railway-wheel-specific materials are very limited and/or have not 
been sufficiently detailed for their analytical application in the Chaboche plasticity mod-
el with combined isotropic and kinematic hardening. On the other hand, the experi-
mental determination of the wheel’s material properties in terms of the utilized plasticity 
model was beyond the objectives of this study. Accordingly, the material properties and 
hardening parameters for pearlitic rail steel used in this study are given below: 
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 Modulus of elasticity, E = 209 GPa 
 Poisson’s ratio, ν = 0.29 
 Initial yield stress, 0| = 406 MPa 
 Initial kinematic hardening modulus, Ck = 13.2 GPa 
 Kinematic hardening modulus decreasing rate, γk = 3.12 
 Maximum change in the size of the yield surface, Q∞ = 152 MPa, and 
 Yield surface development rate, b = 3.97 
The nonlinear definition of the material properties is supplemented by the con-
sideration of geometrical nonlinearity in the analyses. 
 
2.5.2 Finite Element Analysis of Wheel-Rail Contact 
2.5.2.1 Wheel-Rail Finite Element Model 
The programs used for modeling (preprocessing) and performing the required FE 
analyses (FEAs) are HyperMesh 13® [43] and Abaqus 6.13® [44], respectively. The FE 
model (Figure 2.7) consists of a single railroad wheel, a contributory portion of the axle 
that it is attached to, and a rail segment with profiles provided by the American Associa-
tion of Railroads (AAR). The wheel has a diameter of 914 mm (36 in.) and it’s modeled 
under different vertical load of 162 kN and 233 kN. This load corresponds to a realistic 
weight estimation that is amplified to account for dynamic effects. This force is applied 
at a point on the longitudinal axis of the axle that is located where the wagon is support-
ed. The contributory length of the axle in the FE model corresponds to half its actual 
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length, which accounts for the symmetry of the actual wheel-axle assembly. The rail 
segment has a length of 600 mm, which is a typical practical distance between 
ties/sleepers. 
In the FEM snapshot given in Figure 2.8, the portion of the mesh denoted in 
white is subjected to the following boundary conditions. Due to symmetry, the dis-
placements along the longitudinal axis of the axle are restrained at the end of the con-
tributory axle corresponding to the middle of the actual axle; the rail is restrained at its 
ends on its longitudinal axis to also account for symmetry and continuity with the rest of 
the “infinite” rail. Portions of the bottom of the rail are fixed at the locations where the 
rail segment is assumed to make contact with the ties. Although, in reality, this latter is a 
contact boundary condition fixing the nodes is justified because the effects of the fixities 
of these nodes on the stress response of the wheel are minimal. 
 
Figure 2.7. Finite element model of the wheel and rail 
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The type of element used in the mesh is an 8-noded reduced-integration solid 
(ABAQUS C3D8R element-type); that is, linear interpolation is used between nodal val-
ues for the primary variables as well as for the geometry. The selection of an element 
with linear interpolation was made because second-order elements can cause problems 
when hard contact between elements is enforced (as it is in this study) because of the 
way consistent nodal pressure loads are calculated. For instance, the equivalent nodal 
pressure forces for a three-dimensional, second-order brick element do not have the 
same sign for the case of a constant pressure, which makes it difficult for the hard-
contact numerical algorithm to work correctly, especially for the case of non-uniform 
contact [44]. On the other hand, equivalent nodal forces in first-order elements always 
have consistent sign and magnitude; therefore, there is no ambiguity about the contact 
state that a given distribution of nodal forces represents. 
 
Figure 2.8. Finite element model: boundary conditions 
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For accuracy, precision, resolution, and numerical efficiency, the FE mesh in the 
wheel’s and rail’s regions in the vicinity of the contact areas were greatly refined.  
Figure 2.9 and 2.10 illustrate the level of mesh refinements performed in the re-
gions adjacent to the areas that are expected to make contact. The element size in the re-
finement area is about 1.3 mm wide × 1.4 mm deep × 2 mm long in the wheel and rail. 
The yellow color mesh in the wheel is the fatigue fracture plane that is studied in section 
3 to find the critical plane. The x and y shown in future plots are based on their defini-
tion in Figure 2.9. 
 
Figure 2.9. Finite element mesh: wheel/rail mesh in the region of contact. The yellow 40x45 
mm2 box is the studied cross section (fatigue fracture plane depicted in Figure 2.5) 
45 mm
40 mm
x
y
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Figure 2.10. Finite element mesh: mesh refinement in the region of contact. Rolling trajectory is 
illustrated on the rail 
 
Figure 2.11. Wheel/rail master/slave contact interface 
Contact algorithm used in this study is the Lagrange multiplier method with hard 
contact to avoid errors from excessive penetrations between nodes in contact. The con-
tact pressure over-closure relationship used for the elements in contact is of the “hard” 
type. This type of relationship minimizes the penetrations along the defined contact sur-
70 mm
Slave surface
Master surface 
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faces and does not allow the transfer of tensile stresses across the contact interface, 
which is how the rail-wheel contact takes place in reality. The contact in wheel-rail inter-
face is the element-to-element type with a strict master-slave relationship and the finite 
sliding algorithm. Surfaces of the wheel and rail expected to make contact are defined as 
a master and a slave surface respectively, as shown in Figure 2.11. The element size 
around the areas of contact was, in part, selected in consideration of this master-slave 
relationship. Only in the rolling step, a friction coefficient of 0.3 is applied to the contact 
definition to nucleate rolling action of wheel in driven condition as a result of the trans-
lation of the axle-wheel unit in longitudinal direction as shown in Figure 2.12. The ap-
plied friction coefficient has been commonly employed in steel-to-steel rolling-contact 
analytical studies [25]. 
 
Figure 2.12. A schematic shows the driven wheel (left) and driving wheel (right) [45] 
For computational efficiency, only elements near the region expected to make 
contact, i.e. the elements located around 0 – 45 mm from running surface of the inner 
part of the wheel/rail (0.5 degree-per-element of the wheel), are defined with the nonlin-
ear isotropic/kinematic hardening material behavior (illustrated in yellow blocks in Fig-
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ure 2.13). The elastic material behavior is used in the rest of the model (white transpar-
ent area in Figure 2.13). Due to symmetry, half of the axle-wheel unit is modeled with a 
symmetric boundary condition at the mid-length of the axle by preventing the lateral 
displacement of the axle-wheel unit. Varied amount of wheel loads is imposed on a node 
of the axle on field-side through a mass element with gravity, so that a resultant force 
due to wheel load remain in the vertical direction as wheel rotates. At both ends of the 
rail model, the end cross sections are prevented from moving in the longitudinal direc-
tion, and the nodes at the rail base, located at 0–10 mm from both rail ends, are prevent-
ed from moving in the vertical direction as they are supported by ties. This will allow the 
effects from global bending to be included in the rolling contact. 
In summary, the axle-wheel model has approximately 241000 elements, and the 
rail model has approximately 82000 elements. 
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Figure 2.13. Transparent areas defined with elastic material behavior and the two yellow blocks 
defined with the nonlinear isotropic/kinematic hardening material behavior 
2.5.2.2 Loading Steps to Simulate Rolling-Contact 
The simulation of the actual rolling of railway wheels is performed by sliding the 
FE rail model to induce the rolling motion to the wheel in a distance of 70 mm in 1-mm 
increments. A previously carried-out FE study on the RCF of rails that uses the same 
wheel and rail profiles [39] determined that this rolling distance was sufficient to capture 
the “full” stress/strain response that takes place during rolling at any component cross-
section. Therefore, in this study the evaluation of the stress/strain response and fatigue 
life of the modeled wheel is performed at a cross-section located in the middle of the 
rolling trajectory of the wheel; that is, the wheel cross section that is most directly in 
contact with the rail once the wheel has been rolled a distance of 35 mm. The model is 
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analyzed with two different material properties to compare and investigate their behav-
ior; first with elastic material and then with hardening material. All simulations are per-
formed as the following: 
 Applying a vertical displacement to initiate a firm wheel/rail contact, 
 Initiating rolling contact (stress /strain fields recorded in this step are used in fa-
tigue damage analysis in next section), 
 Moving the wheel up to eliminate contact (Residual stresses/strains are recorded 
at the end of this step), 
 Repeating the cycles until residual stresses reach the steady-state. 
 
2.6 Results and Discussion  
A typical wheel load of 162 kN is assumed as a benchmark to investigate the 
change of various parameters, e.g. amount of wheel loads and mechanical behavior of 
the wheel steel on rolling stresses/trains as well as development of residual stresses at 
the wheel’s subsurface level. Three principal axes of interest in the wheel model are the 
vertical, longitudinal, and transverse axes as illustrated in Figure 2.14. The normal stress 
directions are defined according to these three principal axes. The cross section of inter-
est (fatigue fracture plane) is located at the middle — 35 mm from the starting point — 
of the 70 mm-long rolling path, right under the point of contact as shown in Figure 2.10. 
In this study this area will be investigated unless specified otherwise. Results will be re-
ported for the rectangular cross-section at center or sometimes only for the vertical line 
of nodes right under the wheel-rail contact, as shown in Figure 2.15, as appropriate. 
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Figure 2.14. Principal axes of interest in the wheel model 
 
Figure 2.15. Locations of stress evaluation node and residual stress/strain line 
Stress 
Evolution 
Node 
Residual 
Stress/Strain 
Line (Nodes) 
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2.6.1 The Steady State of Residual Stresses 
The inelastic nature of materials, and particularly that of steel, produces residual 
stresses and strains as a byproduct of their cyclic response. As wheels roll on a rail, the 
yield surfaces of the material indicate that they expand and translate until they reach a 
final (steady-state) configuration. This is not only a result of the material model that is 
used, but the representation of what happens in reality when plastic materials respond in 
their inelastic range. 
The predicted steady state stress/strain response is reached quickly; therefore, 
railway wheels and rails respond steadily during virtually their whole service life. This is 
why any study involving rolling contact between wheels and rails needs to be performed 
based on stabilized material conditions. If stresses and strains corresponding to the very 
first cycle(s) were used, different fatigue-life predictions would be obtained depending 
on the cycle chosen for the application of the fatigue model. These would most likely be 
in disagreement with field and experimental tests. To reach the steady state of 
stress/strain response in the constructed FE model, the wheel is “rolled” several times on 
the rail until analytical evidence exists that the stress-strain response of the material has 
been stabilized (within an acceptable range). A plot of the residual-stress progression at 
a node located approximately 15 mm below the running surface (see Figure 2.15) of the 
wheel is given in Figure 2.16. 
Figure 2.16 shows that the residual stresses in the wheel are essentially stabilized 
after the fifth cycle, which agrees with the findings of Kabo and Ekberg [46] (Figure 
2.17). Because of the periodic nature of the contact loads between the wheel and rail, 
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this at-the-end-of-cycle stabilization indicates a reached state of either elastic or plastic 
shakedown. In any case, stress/strain time-histories obtained from any cycle after the 
fifth one can be used for the fatigue analysis of the wheel. In this study, those resulting 
from the sixth loading cycle are used in the prediction of the fatigue related results. 
 
Figure 2.16. Predicted cyclic residual stress evolution in the wheel 
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Figure 2.17. Material response stabilization in a planar FE model with Hertzian contact [46] 
 
2.6.2 Accumulation of Residual Stresses in Rolling Contact 
Residual stress results are recorded for all nodes vertically located exactly be-
neath the point of contact from depth of 0 to 45 mm (see Figure 2.15). Figure 2.18 and 
Figure 2.19 show residual stress profiles accumulated along those nodes at the end of 
sixth loading cycle with the 162 kN and 233 kN wheel loads, respectively. In these plots, 
‘y = 0’ represents the wheel’s running surface level (wheel tread). It shows that, at all 
depths, the accumulation of residual shear stresses is much less significant when com-
pared to those of residual normal stresses. This justifies the use of the normal component 
of residual stresses for finding the number of cycles to their steady-state which agrees 
with Tangtragulwong [39] findings about the railhead. 
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Following discussion is based on the 162 kN and 233kN wheel loads residual 
stress analyses (Figure 2.18 and 2.19). At the near running surface (from 0-15 mm be-
neath the wheel tread), there are compressive residual stresses in all three directions as a 
result of severe plastic deformation from concentrated load. The transverse (σx) and lon-
gitudinal (σz) residual stresses reach their maximum of approximately -250 MPa at 5 
mm. Profiles of the recorded residual stresses from the constructed FE model of the 
wheel are in agreement to the measured results from previous research (see [47], [48], 
and [49]). 
 
 
Figure 2.18. Predicted residual stress distribution after the sixth load-cycle along a line in the 
wheel’s cross-section of interest (wheel load 162 kN) 
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Figure 2.19. Predicted residual stress distribution after the sixth load-cycle along a line in the 
wheel’s cross-section of interest (wheel load 233 kN) 
2.6.3 Comparisons between the Equivalent Rolling Stresses of Elastic and Harden-
ing Materials 
Figure 2.20 shows the comparison of von-Mises stress contours at the wheel sub-
surface (the yellow colored area illustrated in Figure 2.9) between the analyses with an 
elastic material and a hardening material at sixth loading cycle.  
38 
smaller magnitude of 453 MPa. The material in those areas strain hardened due to plastic 
deformation during the revolutions of the wheel on the rail until residual stresses reach 
the steady state at sixth cycle. Tangtragulwong [39] reported the same behavior in rail-
heads. 
For elastic material the equivalent rolling stress is localized about 4 mm beneath 
the wheel’s tread with a maximum value of 931 MPa. This maximum value gradually 
decreases to around 100 MPa at 30 mm. 
With Chaboche plasticity model, the peak equivalent stress is observed at greater 
areas (less stress concentration) located at surface and subsurface of the wheel with 
 39 
 
                
(a) 
              
(b) 
Figure 2.20. von-Mises contact-stress response at the wheel’s cross-section (shown in different 
scales) for: (a) elastic material, and (b) hardening material at sixth cycle 
Max = 453 MPa
Max = 931 MPa
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2.6.4 Comparisons between the Rolling Stresses of Elastic and Hardening Materials 
Figure 2.21, 2.22, 2.23, and 2.18 show comparisons of rolling stresses (normal 
and shear components) between the elastic and hardening cases at four different depths 
from wheel’s tread. Following is the discussion regarding the influence of depth in the 
two material cases. 
For elastic case, profiles of rolling stresses at different depths are similar with 
different magnitudes. Large normal stress (Syy) and reversal shear stress (Syz) are found 
in all levels of depths as predicted by analytical solution from the Hertzian contact theo-
ry (Johnson [21]). The longitudinal stress (Szz) is compressive near wheel tread. It grad-
ually diminishes and eventually turns to tensile stress at 40 mm. The transverse stress 
(Sxx) is compressive near wheel tread. It then turns to be tensile at greater depth with rel-
atively small magnitude. Considering that the normal stresses are mostly compressive in 
the elastic material case, the chance of fatigue crack nucleation which is encouraged by 
mean tensile stresses is relatively low. 
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(a) 
 
(b) 
Figure 2.21. Rolling stresses of a node located at 5 mm below running surface for: (a) elastic 
material, and (b) hardening material 
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(a) 
 
(b) 
Figure 2.22. Rolling stresses of a node located at 13 mm below running surface for: (a) elastic 
material, and (b) hardening material 
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(a) 
 
(b) 
Figure 2.23. Rolling stresses of a node located at 20 mm below running surface for: (a) elastic 
material, and (b) hardening material 
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(a) 
 
(b) 
Figure 2.24. Rolling stresses of a node located at 40 mm below running surface for: (a) elastic 
material, and (b) hardening material 
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Following observations from hardening material case can be drawn based on the 
comparison with elastic material case: 
1. At 5 mm below the wheel tread, the longitudinal (Szz) and transverse (Sxx) 
stresses are compressive with higher value than elastic material case due to 
strain hardening and the compressive residual stresses. 
2. At 13 mm below the wheel tread, the longitudinal (Szz) stress changes from 
compression to tension and the transverse (Sxx) stress is tensile during the 
wheel/rail rolling. 
3. At 20 mm below the wheel tread, the stress profiles are like the 13 mm depth 
but with considerably lower magnitudes. 
4. At 40 mm below the wheel tread, no significant changes of rolling stresses ob-
served. 
5. The shear stress changes are mostly significant at near tread area (5 mm level). 
 
2.6.5 Accumulation of Residual Strains in Rolling Contact 
As it’s mentioned in section 2.5.1, ratchetting is also considered as one of the 
damage modes in rolling contact. Ratchetting is defined as a continuous accumulation of 
strain in the direction of applied mean stress. As ratcheting progresses, it exhausts the 
ductility of material, leading to failure of structure when total strain accumulation reach-
es critical limit [39].  
Figure 2.25 shows the residual strains at the end of the sixth loading cycle for the 
162 kN wheel load. The data is for the nodes vertically located right beneath the point of 
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contact from depth of 0 to 45 mm (the node line is shown in Figure 2.15). Three strain 
components of εx ,εy , and γyz show significant accumulation of residual strains at 10 mm 
below wheel tread. The deformation in vertical direction is due to compression and in 
transverse direction is lateral and longitudinal due to the Poission’s effect. Additionally 
by comparing Figure 2.25 with Figure 2.26, it can be concluded that the magnitude of 
the strain is proportional to the wheel load. Constrained by boundary conditions at longi-
tudinal direction, deformation in this direction is limited (low εz). In contrast, wheel rim 
is not restrained in lateral direction; therefore, larger material deformation is observed in 
the form of transverse residual strain accumulation. 
The negative shear strain in vertical plane of yz implies forward flow of material 
at subsurface level of wheel rim meaning the material flow in the rolling direction. 
Tangtragulwong [39] explained the same phenomenon happening near running surface 
of the railhead which qualitatively agrees with experiment results by Shima, et al. [50] 
and Hamilton [51]. 
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Figure 2.25. Predicted residual strain distribution after the sixth load-cycle along a line in the 
wheel’s cross-section of interest (wheel load 162 kN) 
 
Figure 2.26. Predicted residual strain distribution after the sixth load-cycle along a line in the 
wheel’s cross-section of interest (wheel load 233 kN) 
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2.7 Summary  
 Residual stress reaches the steady-state after fifth loading cycle, showing that the 
normal components are compressive at closer to tread surface area (less than 15 mm 
depending on wheel axle load) while they are tensile at deeper region below running 
surface. The accumulation of the residual shear stresses is relatively small. 
 While the maximum normal residual stresses are almost the same in both load 
cases, the change in the sign of the residual stresses (compressive to tensile) oc-
cur at approximately 3 mm deeper region for the 233 kN wheel load case as op-
pose to the 162 kN wheel load. 
 Using Chaboche plasticity model, the peak equivalent stress (von-Mises stress) 
is observed at greater areas (less stress concentration) located at surface and sub-
surface of the wheel with smaller magnitude of 453 MPa. The material in those 
areas strain hardened due to plastic deformation during the revolutions of the 
wheel on the rail until residual stresses reach the steady state at sixth cycle. 
Same behavior observed in railheads in other studies. 
 Profiles of the residual stresses predicted by the Chaboche plasticity model 
agree well with those from the measurement in literatures; however, to achieve 
more accurate results, equivalent field tests in accordance with the developed 
analytical procedure are necessary to calibrate the FE model herein. 
 Wheel subsurface rolling stress history at the depth of 5 mm shows lower verti-
cal stress for hardening material case compare to the totally elastic material case 
whereas the transverse and longitudinal stresses are relatively larger in harden-
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ing material case. At deeper subsurface level of 13 mm, the only difference be-
tween two material cases observed was the tensile transverse stress history in 
hardening material case which can be in favor of fatigue cracks formation and 
growth. 
 The magnitude of the strain accumulation – and possible subsequent ratchetting 
of material – is proportional to the wheel load; the more wheel load, the higher 
strain accumulation is recorded. 
 The negative shear strain in vertical plane of yz implies forward flow of material 
at subsurface level of wheel rim meaning the material flow in the rolling direc-
tion. The same phenomenon is reported near running surface of the railhead. 
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3 FATIGUE DAMAGE ANALYSIS OF A ‘DEFECT-FREE’ 
WHEEL 
 
3.1 Introduction 
This section is concerned with the implementation of a strain-based critical-plane 
criterion to estimate the fatigue-initiation life of the railway wheel FE model. For this 
purpose, the sixth loading cycle of the stress/strain response time-history obtained from 
the FE model is imported into MatLab® wherein the Fatemi-Socie fatigue criterion was 
implemented. This is a multiaxial strain-based critical plane criterion that can account 
for plastic behavior, and can therefore be applied to the HCF and LCF regimes [39]. 
 
3.2 Background  
The RCF problem in railway wheels is not new; several studies have been made 
to predict the appearance of fatigue cracks in ‘defect-free’ materials. Many of them, in 
fact, follow the same philosophy of the investigation in this study; however, as said be-
fore, practically all of them make use of a form of analytical simplification and/or do not 
include all the factors influencing fatigue-crack initiation, i.e., they either use Hertzian 
contact, elastic material models, plane analytical models, or stress-life approaches. Some 
of these past research efforts are outlined in the following paragraphs. 
One of the railway-wheel RCF studies was made by Lundén [52]. He investigat-
ed the combined effect of a periodically varying contact-pressure and an intermittent 
thermal brake loading on the contact-fatigue of railway wheels. He used Hertzian contact 
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in an axi-symmetric finite element (FE) model that incorporated a bi-linear elasto-plastic 
material model. To estimate the fatigue-life of the wheel, the strain accumulation was 
used in a low-cycle-fatigue (LCF) analysis. One of the findings was that the use of tem-
perature-dependent material properties had little influence on the predicted results. How-
ever, the author recognized the need for 3-D calculations and more sophisticated materi-
al models in order to achieve more reliable results. 
Later, Ekberg [20] used a semi-analytic procedure with elastic materials, Hertzi-
an theory, stochastic application of loads and the Dang-Van criterion to predict crack-
initiation in ‘defect-free’ materials. However, his results did not correlate well with field 
data. Although they list special dynamic behavior and material imperfections as possible 
sources for the lack of agreement, the use of pure elasticity, Hertzian-contact, and a 
stress-life fatigue criterion suggests that a more accurate prediction would have been 
possible with the use of more appropriate analytical techniques. 
Around the same time, Kabo and Ekberg [46] evaluated fatigue-crack initiation 
criteria in a pearlitic rail steel under states of elastic shakedown, plastic shakedown, and 
ratcheting. They used a 2-D FE model that incorporated Hertzian-contact and an elasto-
plastic (Chaboche) material model for the analysis of stress. The fatigue analysis was 
done with the Dang Van and the Smith-Watson-Topper [32] fatigue criteria. Their ana-
lytical results showed reasonable agreement with experiments in the prediction of the 
fatigue-crack-initiation planes. 
Ringsberg [9] developed a semi-analytical approach for contact-stress calculation 
that implemented a 3-D FE model acted on by a Hertzian-type contact loading. The fa-
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tigue analysis of the resulting stresses made use of the Jiang fatigue criterion [53], which 
assumes that plasticity is the major cause of fatigue-damage, and therefore resorts to the 
cyclic plastic properties of the material. 
Another simplified study was carried out by Sraml, et al. [54]. They first used 
Hertzian theory to determine contact stresses and deployed them within a uniaxial fa-
tigue model based on principal stresses/strains. In an attempt to achieve improved accu-
racy, Guo and Barkey [55] used a 2-D FE model for the analysis of stress, whose results 
were combined with the multiaxial fatigue model developed by Fatemi and Socie de-
scribed below. 
Bernasconi, et al. [56] made an assessment of subsurface RCF in railway wheels. 
The method applied the Dang Van criterion to contact-stress histories obtained through a 
numerical procedure that used an elastic material model. The use of elasticity was justi-
fied on the assumption of an existing state of elastic shakedown in the region of interest. 
To validate their assessment, they performed uniaxial tension–compression, reversed-
torsion, and non-proportional loading tests on specimens extracted directly from railway 
wheels. Their results, however, did not achieve favorable agreement with their predic-
tions, which was presumably due to existing inconsistencies between the Dang Van 
model considerations and the nature of the experimental tests that they performed. 
A year later, Bernasconi, et al. [22] compared experimental results obtained with 
R7T steel, typical in railway wheels, with predictions made using the Dang Van criteri-
on; however, they again did not achieve good correlations, especially when they consid-
ered high compressive stresses. 
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Jiang, et al. [30] performed combined axial-torsional fatigue tests on a structural 
steel to evaluate the effectiveness of the Fatemi–Socie fatigue criterion, the Jiang criteri-
on, and a short-crack-growth-based criterion [57]. The results of the study showed that 
fatigue-life predictions made with the use of the three criteria correlated reasonably well 
with experimental observations; however, discrepancies were found between the pre-
dicted and observed crack-plane directions. 
Dang Van, et al. [31], Kabo and Ekberg [6, 46, 58-60] have produced several 
valuable results for the assessment of RCF in railway wheels. They developed a set of 
expressions in the form of fatigue indices developed from Hertzian-contact expressions, 
the Dang Van criterion, and fracture mechanics that take care of subsurface fatigue and 
fatigue initiated at deep defects, respectively. 
 
3.3 Fatigue Index Calculation 
The philosophy of total-life methods is to estimate the resistance to fatigue crack 
nucleation based on nominally defect-free parts. A drawback to the total-life method is 
that the definition of failure is not clear [9]. These methods analyze the total fatigue life 
to failure (crack nucleation in this case) and they are divided into stress-based and strain-
based approaches. The stress-based (stress-life) approach is characterized in terms of 
low cycle stress ranges that are designed against fatigue crack initiation (high-cycle fa-
tigue failures). However at high load levels, in the low cycle fatigue (LCF) regime, the 
cyclic stress-strain response and the material behavior are best modeled under strain-
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controlled condition (strain-life approach)  [61]. The stresses in this approach are high 
enough to cause plastic deformations that govern fatigue failure (LCF failure).  
A strain-based total-life approach is employed in the current study. The strain-
life approach used along with FE analyses makes a powerful combination since any arbi-
trary geometry with any material and loading can be analyzed for fatigue as long as the 
stress/stress fields can be captured from FE analyses (no need for assuming crack size, 
location, and orientation).  
This section is concerned with the implementation of a strain-based critical-plane 
criterion to estimate the fatigue-initiation life of the railway wheel of the FE model. For 
this purpose, the sixth loading cycle of the stress/strain response time-history obtained 
from the FE model is imported into MatLab® wherein the Fatemi-Socie fatigue criterion 
was coded as a computer algorithm. This is a multiaxial strain-based critical-plane crite-
rion that can account for plastic behavior, and can therefore be applied to the HCF and 
LCF regimes [39].  
The model employed herein, originally proposed by Fatemi and Socie [35], is 
represented by the following equation: 
 ,max 12
n max
y
FS
  
     
 (3.1)
where max  is the maximum shear strain range in a cycle, ,maxn  is the maximum nor-
mal stress in a cycle,   is the normal coefficient, which is an empirical material con-
stant, and FS is the Fatemi-Socie fatigue index. 
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The basis of the Fatemi-Socie (FS) model [32] is that the irregular shapes of 
crack surfaces produce friction forces that oppose shear deformations along the crack’s 
plane. This mechanism impedes crack-growth, thereby increasing the fatigue life of the 
material. Presence of normal tensile stresses reduces the friction forces acting on the 
crack faces. If this reduction in the friction forces takes place, the crack-tips must carry a 
greater fraction of the far-field shear forces, which is assumed to favor the growth of the 
crack (Figure 3.1). 
The FS model accounts for the interaction between cyclic shear strain and normal 
stress at a particular material point on a particular plane during a cycle of load. The nor-
mal stress across a plane accounts for the influence of friction. 
The coefficient term used to include the influence of normal stress on the FS fa-
tigue criterion is called the normal coefficient ( ) in this study. It is material-dependent, 
and, for pearlitic rail/wheel steel, it is determined by a regression analysis of a set of fa-
tigue life data from previous studies. The value of normal coefficient for pearlitic rail 
steel is determined from a regression analysis between the FS fatigue index and fatigue 
life data from literatures (Figure 3.2). 
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Figure 3.1. Physical basis of the Fatemi-Socie fatigue model [32] 
 
Figure 3.2. FS fatigue index correlation with the number of cycles to failure for a pearlitic rail 
steel (η = 1) [39] 
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In order to find the plane with the maximum FS fatigue index, an exhaustive 
search using the spherical coordinate throughout all possible planes is performed by var-
ying the elevation (φ) and azimuth (θ) angles (Figure 3.3). However, to avoid excessive 
run time in both data processing and optimization steps, the plane search is performed 
with 10 degree increments of both φ and θ. The normal vector that defines a plane can be 
written as: 
 
1
2
3
sin cos
sin sin
cos
n
n n
n
 
 

                
 (3.2)
 
  
Figure 3.3. a) The spherical coordinate; b) Traction vector on each critical plane (Cauchy’s law) 
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3.4 Results and Discussion 
3.4.1 Fatigue Index of the 162 kN Wheel Load with Material Hardening 
For each node in the yellow box of Figure 3.4, the FS fatigue index is calculated 
from a stress and strain tensor history for all selected planes. Among those planes, con-
tours of the largest fatigue indeces for different normal coefficient (η) values are illus-
trated in Figure 3.5 to 3.7. The x and y axes are defined in Figure 3.4.  
 
 
Figure 3.4. FS fatigue index region to study 
Figure 3.5 illustrates the maximum FS fatigue damage index for η = 0, that is the 
crack nucleates solely by shear strain amplitude effect. The fatigue index is concentrated 
in an area 4-7 mm beneath the wheel tread with the maximum fatigue index of 
0.0013755 at 3.7 mm depth. When η = 0 (participation of normal stress), the fatigue in-
dex is still around the same area, however with slightly lower peak value of 0.0013032 
x
y
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(Figure 3.6). The fatigue index contour for η = 3 shows less localized damage site as op-
posed to two previous cases with the lower pick value of 0.0012328 (Figure 3.7). Final-
ly, for η = 5, Figure 3.8 shows multiple crack nucleation sites; at the surface and at a 
deeper depth of approximately 10 mm below running surface. It should be noted that the 
tensile residual stresses from rolling contact presented in section 2 are larger at the same 
area of 4-7 mm beneath the wheel tread. This could imply the importance of normal 
stress on residual stress accumulation as well as subsurface fatigue crack nucleation. 
 
Figure 3.5. Maximum Fatemi-Socie fatigue index contour (η=0) of the 162 kN wheel load with 
hardening material at the sixth loading cycle by searching selected plane at all nodes 
 
 
MAX = 0.0013755 
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Figure 3.6. Maximum Fatemi-Socie fatigue index contour (η=1) of the 162 kN wheel load with 
hardening material at the sixth loading cycle by searching selected plane at all nodes 
 
MAX = 0.0013032
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Figure 3.7. Maximum Fatemi-Socie fatigue index contour (η=3) of the 162 kN wheel load with 
hardening material at the sixth loading cycle by searching selected plane at all nodes 
 
 
MAX = 0.0012328
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Figure 3.8. Maximum Fatemi-Socie fatigue index contour (η=5) of the 162 kN wheel load with 
hardening material at the sixth loading cycle by searching selected plane at all nodes 
 
 
 
 
 
 
 
 
 
MAX = 0.0014064
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Table 3.1 summarizes the predicted crack depth and the approximated corre-
sponding cracking plane for different normal coefficients. Defined in previous section, z-
axis coincides with the longitudinal direction of a rail, while y-axis and x-axis coincide 
with the vertical and transverse directions respectively. For pearlitic rail/wheel steel 
(η=1), the value of y = 3.7 mm corresponds to a fatigue-crack initiation depth of about 3 
mm, which is consistent with the findings of previous research [6]. The cracking plane is 
defined based on Figure 3.9 which for pearlitic rail/wheel steel, it’s a mixed horizon-
tal/vertical plane (more close to horizontal than vertical). Prediction of two near-surface 
fatigue crack nucleation sites in the case of η=3 and 5 as opposed to only one site in each 
case of η=0 and 1 shows the importance of the effect of the normal stress components. 
 
 
Figure 3.9. Planes of propagation for wheel subsurface crack. 
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Table 3.1. Summary of possible fatigue crack nucleation sites and cracking planes for the 162 
kN wheel load with material hardening and different η values 
Normal 
coefficient 
(η) 
FS fatigue 
index 
Depth below run-
ning surface (mm) 
Unit normal vector of criti-
cal plane Cracking plane 
x y z 
0 0.0013755 3.8 -0.72 -0.60 -0.34 Vertical/Horizontal 
1 0.0013032 3.7 0.49 -0.85 0.17 Horizontal/Vertical 
3 0.0012328 3.7 0.49 -0.85 0.17 Horizontal/Vertical 
5 0.0014064 0.5 0.00 0.00 1.00 Transvers 
 
3.4.2 Fatigue Index of the 162 kN Wheel Load with an Elastic Material 
Implementing elastic material as an input in the FE model instead of hardening 
material results in higher and more localized fatigue indices in all cases (Figure 3.10 to 
3.12). Fatigue index contours remain mainly unchanged as η increases from 0 to 5 with 
the maximum index of 0.0018257 for η=5 case. Comparing Figure 3.5 and Figure 3.10 
(for the case of η=0), the fatigue index increases from 0.0013755 in hardening case (con-
sideration of strain accumulation) to 0.0016832 by using elastic material. A similar be-
havior is observed in the simulation with η=1, 3 and 5 indicating the beneficial role of 
the strain accumulation on surface fatigue crack nucleation which contradicts the detri-
mental role of strain accumulation in failures due to ratcheting. This contradiction has 
also been observed in a similar study on rails by Tangtragulwong [39].  
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Figure 3.10. Maximum Fatemi-Socie fatigue index contour (η=0) of the 162 kN wheel load with 
elastic material at the sixth loading cycle by searching selected plane at all nodes 
 
 
MAX = 0.0016832
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Figure 3.11. Maximum Fatemi-Socie fatigue index contour (η=1) of the 162 kN wheel load with 
elastic material at the sixth loading cycle by searching selected plane at all nodes 
 
 
 
 
 
 
 
MAX = 0.0016854
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Figure 3.12. Maximum Fatemi-Socie fatigue index contour (η=3) of the 162 kN wheel load with 
elastic material at the sixth loading cycle by searching selected plane at all nodes 
 
 
 
 
 
 
MAX = 0.0017556
 68 
 
 
Figure 3.13. Maximum Fatemi-Socie fatigue index contour (η=5) of the 162 kN wheel load with 
elastic material at the sixth loading cycle by searching selected plane at all nodes 
 
 
 
 
 
 
 
 
MAX = 0.0018257 
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3.4.3 Fatigue Index of the 233 kN Wheel Load with Material Hardening 
Figure 3.14, 3.14, 3.15, and 3.16 illustrate the FS fatigue index contours during 
the sixth cycle of a rolling contact of the 233 kN wheel load as η equals to 0, 1, 3, and 5 
respectively. In all cases, fatigue index increased compared to corresponding 162 kN 
cases with the same depth of crack nucleation site. Multiple fatigue nucleation sites are 
observed in cases of η equal to 3 and 5. In these cases, the crack nucleation sites in ap-
proximate depth of 10-15 mm under the running surface of the wheel are predicted.  
The crack nucleation depths, direction cosines of critical planes, and correspond-
ing FS fatigue indices of possible crack nucleation sites for all different normal coeffi-
cients (η) are summarized in Table 3.2. Results are qualitatively similar to those from 
162 kN wheel load case except for η=1 case which a vertical plane in predicted as criti-
cal plane of crack propagation. The more vertical crack propagation plane means the ini-
tiated crack reaches the wheel surface in a steeper plane. In other words, it reaches the 
wheel tread faster hence more imminent wheel failure.  
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Figure 3.14. Maximum Fatemi-Socie fatigue index contour (η=0) of the 233 kN wheel load with 
hardening material at the sixth loading cycle by searching selected plane at all nodes 
 
 
 
 
MAX = 0.0016558
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Figure 3.15. Maximum Fatemi-Socie fatigue index contour (η=1) of the 233 kN wheel load with 
hardening material at the sixth loading cycle by searching selected plane at all nodes 
 
 
 
MAX = 0.0015872
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Figure 3.16. Maximum Fatemi-Socie fatigue index contour (η=3) of the 233 kN wheel load with 
hardening material at the sixth loading cycle by searching selected plane at all nodes 
 
 
 
 
 
 
 
 
MAX = 0.0015177 
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Figure 3.17. Maximum Fatemi-Socie fatigue index contour (η=5) of the 233 kN wheel load with 
hardening material at the sixth loading cycle by searching selected plane at all nodes 
 
 
 
 
 
 
 
 
MAX = 0.0017452 
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Table 3.2. Summary of possible fatigue crack nucleation sites and cracking planes for the 233 
kN wheel load with material hardening and different η values 
Normal 
coefficient 
(η) 
FS fatigue 
index 
Depth below run-
ning surface (mm) 
Unit normal vector of criti-
cal plane Cracking plane 
x y z 
0 0.0016558 3.8 -0.88 -0.32 -0.34 Vertical/Horizontal 
1 0.0015872 3.8 -0.97 -0.17 0.17 Vertical 
3 0.0015177 3.8 0.49 -0.85 0.17 Horizontal/Vertical 
5 0.0017452 0.5 0.00 0.00 -1.00 Transvers 
3.4.4 Effect of Wheel Load on Fatemi-Socie Fatigue Index in Cases with Material 
Hardening 
Fatemi-Socie fatigue indexes for 233kN wheel load case are greater than 162 kN 
wheel load case. In η=5 case that considers more normal stress effect, the crack nuclea-
tion sites occur in greater depth when the wheel load increases from 162kN to 233 kN 
for both near surface and subsurface regimes (Figure 3.8 and Figure 3.17). In both cases, 
high fatigue indexes on wheel tread observed possibly suggesting the influence of wheel 
load (normal stresses) on wheel surface fatigue damage. 
The predicted crack propagation critical planes are almost similar in both wheel 
load cases with slight difference in η=1 case. In this case, the critical plane for 233 kN 
wheel load is predicted to be more inclined to vertical plane. This could be due to higher 
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tensile residual stresses at subsurface level which may increase the possibility of vertical 
split rim (VSR) failure in railway wheel subjected to higher wheel loads.  
In conclusion, increase of wheel load would increase fatigue damage in wheel 
tread as well as wheel subsurface. The higher wheel load may increase the possibility of 
VSR failure. 
3.4.5 Effect of Shear Strain Amplitude and Normal Stress Components on Fatemi-
Socie Fatigue Index 
This section is to study the surface and subsurface fatigue crack nucleation 
mechanisms of railway wheel. The FS fatigue index in equation (3.1) is decomposed to 
its two components of shear strain amplitude term of max
2
  and modified normal stress 
term of ,max
2
n max
y
  
     
. Figure 3.18 again shows the Fatemi-Socie fatigue index contour 
of the 162 kN wheel load (η = 3) during the sixth loading cycles which is decomposed 
into the above-mentioned two components presented in Figure 3.19 and Figure 3.20 for 
shear strain amplitude and modified normal stress, respectively. By comparing Figure 
3.18 to 3.19 it can be drawn that the near surface nucleation site agrees with the shear 
strain amplitude contour, while the subsurface crack nucleation is affected both by shear 
strain amplitude and normal stress.  
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Figure 3.18. Fatemi-Socie fatigue index contours (η = 3) of the 162 kN wheel load at the sixth 
loading cycle 
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Figure 3.19. Fatemi-Socie fatigue index of its shear strain amplitude contours (η = 3) of the 162 
kN wheel load at the sixth loading cycle 
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Figure 3.20. Fatemi-Socie fatigue index of its normal stress component contours (η = 3) of the 
162 kN wheel load at the sixth loading cycle 
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3.4.6 Evaluation of η for a Pearlitic Rail Steel 
As it’s discussed in previous subsections, the initiation of subsurface fatigue 
cracks depends on the normal stress term which is influenced by η in Fatemi-Socie fa-
tigue criterion. The greater η is, the greater FS fatigue index will be and consequently 
higher chance of subsurface crack nucleation.  
The value of η for perlitic rail steel has been evaluated by Tangtragulwong [39] 
in a similar study on railheads. He determined η from a regression analysis between the 
FS fatigue index and fatigue life data of various loading configurations: uni-axial, tor-
sion-axial, and bending, for rail steel and concluded that the proper value of η is the one 
that gives the best linear fitting of a log-log plot between the FS fatigue index and fa-
tigue life. Figure 3.21 shows the results of the regression analysis for η=1, where the cal-
culated least square error is minimized. Tangtragulwong calculation of η is in agreement 
with the results reported by Park and Nelson [62] showing that η is varying from 0 to 2 
for different types of steel. Jiang, et al. [30] considered 0.98 for S460N steel (Figure 
3.22) and also Stephens, et al. [63] recommended η=1 for a first approximation when 
fatigue test data is not available. 
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Figure 3.21. A log-log plot between the Fatemi-Socie fatigue index and number of cycles [39] 
 
 
Figure 3.22. Baseline experimental data for determining the fatigue constant η in the FS criterion 
[30] 
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3.4.7 Fatigue Life Predictions 
Definition of failure is the major source of discrepancy in correlating fatigue life 
data. No good solution yet exists as to the best failure definition criterion [35]. In majori-
ty of the cases, cracks are mitigated before they reach the size that cause catastrophic 
failures. Still, wheel fatigue may have major operational and economical consequences 
[2]. 
There are a lot of factors and different assumptions involved in evaluating the fa-
tigue life of a specimen. For instance, the normal coefficient (η) in FS equation is theo-
retically not a constant and must vary with fatigue life [32]. Also the number of cycles to 
failure (Nf) in equation 7 is extremely sensitive to the material cyclic properties. Therefor 
in this study two fatigue life prediction methods adopted to show and discuss the differ-
ences. 
By combining equation 3.3 with the low cycle fatigue strain-life relation follow-
ing equation is proposed by Fatemi and Socie [32]: 
   ,maxmax 1 2 22 b cfn f f fy N NG
   
        
 (3.3)
where f  is fatigue strength coefficient, f   is fatigue ductility coefficient, bγ is fatigue 
strength exponent, cγ is fatigue ductility exponent, G is shear modulus, and Nf  is number 
of cycles to failure. Using this equation with material properties of peralitic rail steel 
from Ringsberg [9], the number of cycles to failure is 11,000,000fN  ; however, using 
the result of the regression analysis from test data of previous literatures for η=1 the 
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number of cycles to the first micro-crack nucleation is predicted to be about 220,000 
which agrees with the number of cycles to failure from the equation proposed by Jiang, 
et al. [30] (see Figures 3.21 and 3.22). 
 
 
Figure 3.23. Predicted number of cycles to the first micro-crack nucleation based on the data 
from previous literatures 
 
 
 
 
 
 
FS = 0.00130 
~ 220,000 cycles 
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3.5 Summary 
 The observed fatigue index reduction in using hardening material as opposed to 
elastic material indicates the beneficial role of the strain hardening on subsur-
face fatigue crack nucleation. 
 The predicted crack propagation critical planes are almost similar in both wheel 
load cases with slight difference in η=1 case. In this case, the critical plane for 
233 kN wheel load is predicted to be more inclined to vertical plane. This could 
be due to higher tensile residual stresses at subsurface level which may increase 
the possibility of vertical split rim (VSR) failure in railway wheel subjected to 
higher wheel loads.  
 The near surface nucleation site agrees with the shear strain amplitude contour, 
while the subsurface crack nucleation is affected both by shear strain amplitude 
and normal stress which indicates the mixed mode nature of the wheel fatigue 
failure at subsurface level.  
 Considering the recommended value of η=1 for normal coefficient, the total 
number of cycles to micro-crack nucleation is around 220,000 which agrees with 
previous studies. 
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4 STUDY OF A RAILWAY WHEEL IN PRESENCE OF A PENNY-
SHAPED CRACK 
 
 
4.1 Introduction 
The state of stress and strain in the vicinity of a defect subjected to a passing roll-
ing contact is very complex [60].  This section focuses on the influence of a defect at 
subsurface level of a railway wheel. The FE-simulation of the wheel in presence of a de-
fect shows the change in stress and strain fields at wheel’s subsurface level in compari-
son with the defect-free wheel that presented in section 2.  
 
4.2 Background  
Railways provide an effective and reliable transportation method. However, rail-
way systems are very sensitive to defects and in this perspective, rolling contact fatigue 
(RCF) is a crucial subject that can compromise the integrity of the system [60]. Previous 
studies [46, 58] have shown how material defects affect the stress and strain fields par-
ticularly in the vicinity of the crack tips. 
The geometry of penny-shaped cracks is useful in stress analysis since it repre-
sents an idealization of the shape of internal defects that are inherent in many engineer-
ing materials [64]. Sack [65] and Sneddon [66] are the first ones to studied the 3D as-
pects of the stress state around a penny-shaped crack. 
 85 
 
Broek [67] showed how cracks subjected to multiaxial loading generally grow 
based on mode I crack propagation path; however, this does not seem to be the case in 
rolling contact due to a large confining pressures under the contact region. Ekberg [20] 
explained that in rolling contact cracks propagate in a mixed mode II – mode III and 
there is a lack of universal criteria to predict the crack growth direction. Bold, et al. [68] 
argued the complications for simulating mode II propagation in field tests, making it dif-
ficult to verify numerical models (see Figure 4.1). 
Kabo and Ekberg [60] investigated the influence of defect size of material de-
fects on rolling contact fatigue of railway wheels by quantifying the fatigue impact using 
Jiang–Sehitoglu multiaxial fatigue criterion. They concluded that semi-empirical meth-
ods derived for uniaxial loading are not applicable to rolling contact loading. Instead 
they designed an elasto-plastic finite element model to compare fatigue impact of defects 
of different sizes subjected to rolling contact loading. 
Kotoul [69] performed a computational 2D analysis of crack path for crack in a 
railway wheel rim using Plank and Kuhn criterion to decide whether crack would follow 
mode I path (tensile mode), or it will propagate coplanar mode II (shear mode). 
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Figure 4.1. The three fracture modes: (a) Mode I: Opening, (b) Mode II: In-plane shear, (c) 
Mode III: Out-of-plane shear 
 
4.3 FE Modeling of the Wheel in Presence of a Crack 
A penny-shaped crack is implemented at the subsurface level of the same 
wheel/rail model presented in section 2. Sub-modeling technique is employed for accu-
racy and computational efficiency. The constructed sub-model and the specification of 
the implemented crack are presented in following subsections. 
 
4.3.1 Sub-modelling 
In order to capture local stress/strain field histories in the crack tip, finite element 
analysis is conducted using the sub-modeling technique in ABAQUS®. First the global 
model constructed in HyperMesh® is analyzed with ABAQUS®. Considering that Hy-
perMesh does not support ABAQUS® sub-modeling directly, the sub-modeling per-
formed in ABAQUS Keyword Edition®. ABAQUS C3D8R element used which are re-
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duced-integration 8-noded elements with three translational degrees of freedom at each 
node. 
Finally, the sub-model is post-processed using HyperView® and 
ABAQUS/CAE. Figure 4.2 to 4.3 illustrate the location and orientation of the imple-
mented crack as well as the level of mesh refinement and mesh transition between global 
model and sub-model. Element sizes in global model and sub-model are 2*1.3*1.3 mm3 
and 0.1*0.1*0.1 mm3, respectively. It’s worth mentioning that 3D elastic-plastic RCF 
analysis is very time-consuming even when using sub-modeling technique. 
Figure 4.2. Location (10 mm beneath the wheel tread) and orientation (parallel to the wheel 
tread) of the implemented subsurface crack 
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Figure 4.3.  Level of mesh refinement and mesh transition between global model and sub-model 
 
 
Figure 4.4. Element size comparison between global model (left) and sub-model (right) 
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4.3.2 Crack Specifications 
Following are the specifications of the implemented blunt penny-shaped crack: 
 The crack diameter and its thickness are 5 mm and 0.5 mm, respectively 
(Figure 4.5), 
 Round edges with root radius of 0.25 mm considered to overcome stress 
singularities at the crack-tip, 
 HyperMesh solid partitioning feature is employed to achieve proper 
mapable meshing at the crack region (Figure 4.6). 
 
 
Figure 4.7 shows the three principal axes (vertical, longitudinal, and transverse) 
and the position of the crack compared to them (not in scale). The normal stress direc-
tions are defined according to these principal axes. 
 
 
Figure 4.5. Crack dimension 
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Figure 4.6. Solid partitioning around the crack 
 
 
 
 
Figure 4.7. Principal axes of interest in a wheel model 
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4.4 Results and Discussion 
In this study, the wheel/rail model with 162 kN load with an implemented defect 
is analyzed. Different criteria such as von Mises, normal, and shear stress fields around 
the crack-tip during the wheel revolution are presented and discussed.  
4.4.1 The von Mises Stress Evolution around the Crack  
Equivalent stress approaches are extensions of static yield criteria to fatigue [63]. 
One of the most commonly used equivalent stress method for fatigue is the equivalent 
tensile stress theory (or von Mises theory). The von Mises yield criterion, v , in terms of 
stress components, is a scalar value that can be computed using equation (4.1): 
       2 2 22 2 2 211 22 22 33 33 11 23 31 121 62v                     (4.1)
The cross section of interest is located at the middle – 35 mm from the starting 
point – of the 70 mm long rolling trajectory. Figure  shows the Mises stresses in vicinity 
of the implemented crack at three different wheel locations: when wheel makes contact 
with rail and rolling initiates (loading phase), mid-cycle which is when crack is right on 
top of the contact region (loading ends and unloading begins), and end-cycle which is 
when a full rolling contact cycle completes (unloading ends). The Mises contours in 
Figure  are not in the same scale instead the values of the Mises stresses are real-time to 
illustrate the evolution of the stresses at specific times in a full loading cycle. 
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The equivalent rolling stress is localized around the crack-tip at all three men-
tioned wheel locations. First when the wheel makes contact – before loading initiates – 
the maximum von Mises stress is 86 MPa. At the end of loading cycle when the crack is 
right above the contact region, the stress at crack-tip reaches the pick value of 688 MPa 
and finally at the end of the full cycle, it reduces to residual stress of 407 MPa. The end-
cycle quarter-cut view of the crack shows the higher von Mises residual stresses in 
transverse plane than vertical plane (see Figure 3.9 for the defined planes). 
(a) 
Figure 4.8. Quarter-cut view of the von Mises rolling stress contours in transverse plane (shown 
in different scales): (a) before rolling begins, (b) mid-cycle, and (c) end-cycle 
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(b) 
(c) 
Figure 4.8. “Continued” 
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4.4.2 Crack-tip Normal Stress Fields 
Figure 4.9 illustrates the normal stress fields around the implemented crack at 
three loading stages; (a) before rolling begins, (b) mid-cycle which is when the crack is 
right above the contact region, and (c) end-cycle. The stress fields are in different scales 
to show the maximum local stresses at each loading stage.  
Before loading begins (when wheel is at rest on the rail), the value of normal 
stresses in all three directions are negligible (with the maximum of 84 MPa for σzz, lon-
gitudinal normal stress). When the wheel reaches mid-cycle (loading ends and unloading 
begins) the stress field around the crack experiences the maximum of 1,380 MPa for σyy, 
vertical normal stress while transverse (σxx) and longitudinal (σzz) normal stresses are 
almost the same value of less than 1,000 MPa compressive at the crack-tip. The high 
compressive vertical stress is the main reason that the crack would not propagate by the 
opening mode deformation (Mode I) in rolling contact fatigue. Finally, residual tensile 
stress is observed at end-cycle which could be in favor of the crack growth at crack-tip 
region. 
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(a) 
 
(b) 
 
(c) 
Figure 4.9. Normal stress components (σxx, σyy, and σzz) in transverse plane: (a) before rolling 
begins, (b) mid-cycle, (c) end-cycle 
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4.4.3 Crack-tip Shear Stress Fields 
Figure 4.11 shows the shear stress fields around the blunt penny-shaped crack in 
xy-plane (transverse plane in Figure 3.9). At the beginning of the loading cycle, all the 
shear stresses are negligible with the maximum of 33 MPa for τyz. When the crack is 
right above the contact region (mid-cycle), two crack growth mechanisms can be ob-
served; first in-plane shear mode (Mode II) which is induced by τxy with the maximum 
value of 327 MPa and, second out-of-plane shear mode (Mode III) which is induced by 
τyz with the maximum value of around 190 MPa in xy-plane. This shows the high possi-
bility of crack growth in mixed-mode II and III.  
At the end of the wheel revolution (end-cycle), the higher in-plane shear stress, 
with the maximum value of 177 MPa, indicates the crack growth mechanism is more 
inclined to Mode II propagation. Finally, for completeness, τxz is presented along with 
the other shear stresses in Figure 4.11. 
Figure 4.10. Shear stresses at crack-tip: in-plane shear/Mode II (τxy), out-of-plane shear/Mode III 
(τyz) 
τxy x 
y
z 
Blunt Crack-tip
τyz
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(a) 
 
(b) 
 
(c) 
Figure 4.11. Shear stress components (τxy, τxz, and τyz) in transverse plane: (a) before rolling be-
gins, (b) mid-cycle, (c) end-cycle 
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4.5 Summary 
 The observed von Mises residual stress pattern at the end of the rolling cycle in-
dicates the higher possibility of crack growth in transverse plane. 
 The high compressive vertical stress is the main reason that the crack would not 
propagate by the opening mode deformation (Mode I) in rolling contact fatigue. 
 The maximum values of in-plane and out-of-plane shear stresses at crack tip, 
shows the higher possibility of crack growth in mixed-mode II and III. 
 The higher in-plane shear stress at end-cycle indicates the crack growth mecha-
nism for this model is more inclined to Mode II crack propagation. 
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5 CONCLUSIONS AND FUTURE WORK  
 
5.1 Conclusions  
 Profiles of the residual stresses predicted by the Chaboche plasticity model 
agree well with those from the measurement in literatures; however, to achieve 
more accurate results, equivalent field tests in accordance with the developed 
analytical procedure are necessary to calibrate the FE model herein. 
 Residual stress reaches the steady-state after fifth loading cycle, showing that 
the normal components are compressive at closer to tread surface area while 
they are tensile at deeper region below running surface. 
 Wheel subsurface rolling stress history at shallow depth shows lower vertical 
stress for hardening material case compare to the totally elastic material case 
whereas the transverse and longitudinal stresses are relatively larger in harden-
ing material case. 
 The magnitude of the strain accumulation – and possible subsequent ratchetting 
of material – is proportional to the wheel load; the more wheel load, the higher 
strain accumulation is recorded. 
 The negative shear strain in vertical plane of yz implies forward flow of material 
at subsurface level of wheel rim meaning the material flow in the rolling direc-
tion. The same phenomenon is reported near running surface of the railhead. 
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 The observed fatigue index reduction in using hardening material as opposed to 
elastic material indicates the beneficial role of the strain hardening phenomenon 
on subsurface fatigue crack nucleation. 
 The critical plane for higher wheel load is predicted to be more inclined to verti-
cal plane. This could be due to higher tensile residual stresses at subsurface level 
which may increase the possibility of vertical split rim (VSR) failure in railway 
wheel subjected to higher wheel loads.  
 The shallow subsurface nucleation site agrees with the shear strain amplitude 
contour, while the deeper subsurface nucleation site is affected both by shear 
strain amplitude and normal stress which indicates the mixed mode nature of the 
wheel fatigue failure at subsurface level.  
 Although the maximum values of in-plane and out-of-plane shear stresses at 
crack tip, shows the higher possibility of crack growth in mixed-mode II and III, 
the higher in-plane shear stress indicates the crack growth mechanism for this 
model is more inclined to Mode II crack propagation. 
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5.2 Suggestions for Future Work 
To have a more accurate fatigue life assessment of defect-free railway wheels, 
factors such as wheel wear and thermal loading due to brake system could be considered. 
Furthermore, a study of correlation between the predicted fatigue life in this study and 
the actual fatigue life should be performed. 
The applications of fracture mechanics have traditionally concentrated on crack 
growth problems under an opening or mode I mechanism. However, many service fail-
ures occur from growth of cracks subjected to mixed mode loadings. A more in-depth 
study of different failure mechanisms is necessary to have better understanding of the 
influence of crack depth and orientation as well as different crack root radius on the fa-
tigue life of railway wheels. 
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